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A New Approach for Analytical Computation of
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The problem of computation of the Hamiltonian for the perturbed motion of an artiflcial
Earth satellite with large eccentricity is considered. The method of calculation of items
of the perturbing function, which is presented in the form of Jacobi nome series, is
described. Some advantages of the new approach to the expansion of the Hamiltonian
are shown by computations within computer algebra systems. Mathematical techniques
for computations with elliptic functions, which are used in the suggested method of
Hamiltonian expansion, are considered. Numerical veriflcation and accuracy checking of
analytical results is investigated by means of computer algebra system MAPLE.
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1. Introduction
The problem of constructing theories for the motion of artiflcial Earth satellites with large
eccentricities is important in modern celestial mechanics and there are many di–culties
to overcome. These di–culties are connected mainly with the slow convergence of the
series of the satellite’s perturbing function (Gaposhkin, 1973). Such a slow convergence is
explained as follows. We cannot consider the eccentricity as a convenient small parameter
in the case when the orbit is essentially difierent from a circular one. Moreover the series
for elliptic motion cannot converge when the eccentricity is larger than the Laplace limit.
This fact in its turn gives certain limitations on the class of orbits for which the classical
methods for expanding the perturbing function can be used. The classical approach is
not even convenient for moderately large eccentricities near to the Laplace limit, as the
slow convergence of these series means that we must take into account many thousands
(and sometimes many millions) of terms in the expansion of the perturbing function and
Hamiltonian.
At the same time the accuracy in computing the coe–cients of the expansion in terms
of the perturbing function decreases with an increase in the eccentricity, because the
Hansen coe–cients (Giacaglia, 1976) can only be determined within Bessel or hypergeo-
metric function series; and these series also converge very slowly in the domain of large
eccentricities.
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Therefore choosing a convenient small parameter for the expansion of the perturbing
function in the case when the eccentricity is not small is di–cult.
In this paper we consider an application of Brumberg’s (1992) method for expanding a
perturbing function for the analytical computation of the Hamiltonian of the perturbed
motion of a satellite. We will describe some algorithms and mathematical techniques
for the computations and expanding the Hamiltonian, in the case of large eccentricities,
using elliptic functions.
2. Expansion of the Hamiltonian into Jacobi Nome Series
We consider the Hamiltonian of the perturbed motion of an artiflcial Earth satellite,
taking into account some perturbations from the gravitational fleld of Earth, lunar{
solar gravitational perturbations and perturbations from light pressure without the shade
efiect. One can see that the polar coordinates of the satellite (radius-vector r and true
anomaly v) are included in the Hamiltonian only in the form (r=a)nexp(jmv), where a
is the semi-major axis, n,m are integers, j =
p¡1.
The classical expansion (Gaposhkin, 1973) in multiples of the mean anomaly l
(r=a)n exp(jmv) =
1X
s=¡1
Xn;ms (e) exp(jsl); (1)
where e is the eccentricity and Xn;ms (e) are Hansen coe–cients, converges very slowly
for large eccentricities.
Brumberg (1992) suggested that it would be more convenient to expand the series
using the Jacobi nome q (instead of the eccentricity e) introducing a new independent
variable, the elliptic anomaly w:
w = …=2
µ
F (E + …2 ; e)
K(e)
¡ 1
¶
; (2)
where F and K are elliptic and complete elliptic integrals of the flrst kind respectively,
E is the eccentric anomaly.
The Jacobi nome
q = exp(¡… K(
p
1¡ e2)=K(e)) (3)
remains small even for large eccentricities (for example, e = 0:74 corresponds to q =
0:4941 : : :) and expansions by Jacobi nome q converge rapidly even in the domain where
the eccentricity is greater than the Laplace limit.
In accordance with Brumberg’s (1992) paper there is the following expansion for the
polar coordinates of the satellite
(r=a)n exp(jmv) =
1X
s=¡1
Bn;ms (q) exp(jsw); (4)
where the coe–cients Bn;ms (q) (called elliptic Hansen coe–cients) can be determined (in
contrast to classical Hansen coe–cients) in closed form as functions of complete elliptic
integrals of the flrst and second kind with the eccentricity as a modulus. The closed
form for coe–cients B(q) enables them to be computed without loss of accuracy using
symbolic computation of the Hamiltonian in computer algebra systems.
The new independent variable (the elliptic anomaly w) can be deflned as a function of
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the mean anomaly l by means of generalized Kepler equation
w = l +
1X
f=1
Cf sin fl; (5)
where coe–cients Cf can be obtained in an analytical form by means of the Deprit
algorithm. These symbolic computations were executed by Klioner (1992) within the
computer algebra system MATHEMATICA (Wolfram, 1991).
Using some of the advantages of the described method for expanding the perturbing
function a package of algorithms and programs was elaborated by the authors for ana-
lytical computation of the special functions in the Hamiltonian and for computing the
Hamiltonian of the perturbed motion of an artiflcial satellite in analytical form within
computer algebra.
3. Computation of Special Functions in the Hamiltonian
If we construct a semianalytical theory for the satellite motion using an expansion
in multiples of the elliptic anomaly w, we face the problem of computing some special
functions in the Hamiltonian. The computation of elliptic Hansen coe–cients and their
derivatives is part of this problem. For the solution of this problem we need to elaborate
some e–cient algorithms for the computations using elliptic integrals. It is important
that our theory is intended flrst of all for satellites with large eccentricities. Therefore
the Taylor expansion for elliptic integrals is not convenient and we can only use the
Fukushima (1991) algorithm, which enables the elliptic integrals with arbitrary modulus
to be calculated very e–ciently. By means of this algorithm we obtained analytical ex-
pressions for the derivatives with respect to the eccentricity from Jacobi nome q and from
complete elliptic integrals of the flrst kind K and the second kind I with the eccentricity
as a modulus in the computer algebra system MAPLE (Char et al., 1993).
Hence, we can obtain (neglecting terms of order q16 and more) the following expres-
sions:
dq
de
= e (1¡ e2)¡3=4(1 + fi)
£
µ
0:250 00 +
0:156 250fi4
1 + (1¡ e2)1=4
+
0:131 836fi8
1 + (1¡ e2)1=4
+
0:119 011fi12
1 + (1¡ e2)1=4
+ ¢ ¢ ¢
¶
;
where
fi =
1¡ (1¡ e2)1=4
1 + (1¡ e2)1=4
;
dK
de
=
…(1 + 2q4)
(1 + (1¡ e2)1=4)2
µ
32q3 dqde + 2(1 + 2q
4)e
(1 + (1¡ e2)1=4)(1¡ e2)3=4
¶
;
dI
de
=
2…2
K
dq
de
µ
(q ¡ 4q4 + 9q9)(¡2 + 8q3 ¡ 18q8)
(1¡ 2q + 2q4 ¡ 2q9)2 ¡
1¡ 16q3 + 81q8
1¡ 2q + 2q4 ¡ 2q9
¶
+
dK
de
µ
2…2(q ¡ 4q4 + 9q9)
K2(1¡ 2q + 2q4 ¡ 2q9) + 1
¶
:
Then by means of the recurrence relations for elliptic Hansen coe–cients (Brumberg
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and Fukushima, 1994) and the initial values for the recurrences using the MAPLE func-
tion of difierentiation we obtained the recurrence relations for the flrst and second deriva-
tives of the elliptic Hansen coe–cients and initial values for these recurrences. The ana-
lytical expressions (simultaneously with the numerical values) for these coe–cients and
their derivatives were calculated for all harmonics of the Earth potential from the 2nd
to 12th and for all lunar{solar harmonics from the 2nd to 6th inclusive. These analyti-
cal expressions, are too cumbersome to be given here, but they are quite convenient for
calculations on computers.
Using the numerical computation on MAPLE we can calculate the limits for s in
expansion (4) to obtain the necessary accuracy by evaluating the series in multiples of
the elliptic anomaly.
For example, for the eccentricity e = 0:74 we can demonstrate the following result. The
errors of approximation neglecting small terms of the series (4) are not greater than 10¡5,
if we take into account maximal 25 (by their absolute values) terms for every m by
computation of perturbations from the second harmonics of the Earth’s gravitational
potential. For the third harmonics of the Earth’s potential this quantity is equal to 29,
and for the second lunar{solar harmonics this quantity is equal to 21. At the same time
for errors of the order 10¡7 we must take into account 37, 38 and 25 terms respectively.
This way we can check numerically the convergence of the analytical expansions and
therefore we can maintain the necessary accuracy in the analytical theory. This is very
important for the computation of derivatives of elliptic Hansen coe–cients, because their
numerical values are often much greater than the numerical values of the corresponding
coe–cients.
Such research was also executed for coe–cients Cf (these coe–cients also contain
the elliptic integrals) of the solution of the generalized Kepler equation (5) and for the
derivatives of these coe–cients with respect to the eccentricity.
Here we would like to pay attention to the following fact. The decrease in the derivatives
with an increase in f is slower than the decrease in the coe–cients themselves. However
this is correct for large eccentricities only. When the eccentricity is close to zero, the
situation is reversed. Investigation by means of computer algebra shows that
8f lim
e!0
Cf (e) = 0;
and
lim
e!0
(dCf=de) =
‰
1; if f = 1,
0; in other cases.
In such a way we are able:
{ to compute in analytical form the new special functions of celestial mechanics with
elliptic integrals,
{ to investigate the convergence of the expansions of these functions,
{ to evaluate the accuracy of constructing a theory of satellite motion.
We also executed an analogous symbolic computation with numerical veriflcation for
the inclination functions (Gooding, 1971) and for other standard functions. The presence
of such functions in the Hamiltonian is not connected with the method of expansion of
satellite polar coordinates.
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4. MAPLE package for Analytical Computation of the Hamiltonian
The package for analytical computation of the Hamiltonian by means of computer alge-
bra is elaborated on the basis of programs for the computation of some special functions
of celestial mechanics. In this package we take as a basis the expansion of coordinates into
Jacobi nome series (4), because the series in multiples of the elliptic anomaly converges
more rapidly and can be used for a wider class of orbits than the classical expansion (1)
in multiples of the mean anomaly.
However, to preserve some of the advantages that the Hamiltonian formalism gives
us, the Hamiltonian is presented in this package as a function of canonical Delaunay
variables L;G;£; l; g; µ in the following form
H =
1X
s=¡1
1X
t=0
'st(L;G;£; g; µ)
• 1X
f=¡1
f 6=0
Cjf j exp(j’stf l)
‚t
; (6)
where
’stf =
‰
(s=t+ f) sgn(f); if t 6= 0,
s; if t = 0.
To obtain expansion (6) we used the generalized Kepler equation (5) for the elliptic
anomaly and then we expand the multiplier
exp
µ
js
µ
l +
1X
f=1
Cf sin fl
¶¶
into a Taylor series in the neighbourhood of the point jsl.
In expression (6) 'st is a function of slow Delaunay variables L, G, £, g, µ. It contains
some elliptic Hansen coe–cients (Brumberg, 1992), Gooding (1971) inclination functions
and some standard functions and coe–cients, which appear in the expansion of the
Earth potential into a series by spherical functions (Gaposhkin, 1973) and in expansion
of lunar{solar coordinates into a series by orbit elements (Cok, 1977).
In the input flle of the main program of the package we must introduce the number of
maximum Earth potential harmonics and the number of maximum lunar{solar harmonics
that we take into consideration. In the output we obtain an analytical expression for the
Hamiltonian of the corresponding perturbed motion. The limits of the summation for s,
t and f in formula (6) can be deflned via numerical estimation of terms, the numerical
values of which are smaller than the parameter " (this small parameter we must determine
for the accuracy checking). However these limits can be calculated beforehand. There is
a special numerical support program for symbolic computations in the package for this
purpose. The preliminary deflnition of the limits of summing in series enables essential
economies in computer memory and computing time of the main MAPLE program for
analytical computations to be made. It is important that within the time in which we
construct the satellite motion theory these limits cannot change essentially. This means
that numerical calculation of the limits should only be made once.
As a result, we obtain an analytical expression for the Hamiltonian of the satellite’s
perturbed motion. Simultaneously the accuracy is checked neglecting small terms of the
series in formula (6).
The MAPLE package is realized on an IBM PC AT 486 in the MS-DOS operating
system.
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5. Conclusion
Computations using this MAPLE package on computers show the possibility of using
the analytical expansion of the Hamiltonian of the satellite motion to construct an ana-
lytical theory by means of computer algebra. Of course, the analytical expressions for the
Hamiltonian items are cumbersome. But they are quite suitable to be used in the theory
of motion. Simultaneously the possibility of checking the accuracy is demonstrated by
symbolic computations within the computer algebra systems. Our computer experiments
also show that the approach, based on the expansion of the Hamiltonian by Jacobi nome,
is most convenient for computations using computer algebra in the case of large eccen-
tricity. This is connected with the closed form of the coe–cients of the expansion and
with fast convergence of the series in multiples of the elliptic anomaly.
In the future we propose using the advantages of the described approach and to apply
our MAPLE package for the construction of a semianalytical theory of motion for an
artiflcial Earth satellite with large eccentricity.
A similar approach as well as classical methods of the perturbation theory such as those
described in Laskar (1985, 1990) and Bretagnon (1983) may also be used in constructing
a general planetary theory (Brumberg, 1992).
6. Acknowledgement
Authors are very grateful to Dr Andrej G. Sokolsky for the very great help in our
research and for useful discussions.
References
|Bretagnon, P. (1983). Theorie du mouvement de l’ensemble des planets. Solution VSOP-82. Astron. and
Astroph. 114, 97.
|Brumberg, E.V. (1992). Perturbed two-body motion with elliptic functions. In Proc. 25th Symp. on
Celest. Mech., NAO, Tokyo, p. 139 .
|Brumberg, E.V., Fukushima, T. (1994). Expansions of elliptic motion based on elliptic function theory.
Celest. Mech. and Dynam. Astron. 60(1), 69.
|Brumberg, V.A. (1992). General planetary theory revisited with the aid of elliptic functions. In Proc.
25th Symp. on Celest. Mech., NAO, Tokyo, p. 156.
|Char, B.W., Geddes, K.O., Gonnet, G.H., Leong, B.L., Monagan, M.B., Watt, S.M. (1993). Maple V
Library Reference Manual. New York, Springer.
|Cok, D.R. (1977). On the perturbation of a close-earth satellite due to lunar inequalities. Celest. Mech.
16, 459.
|Fukushima, T. (1991). Numerical computation of elliptic integrals and functions. In Proc. 24th Symp.
on Celest. Mech., NAO, Tokyo, p. 158.
|Gaposhkin, E. (1973). Satellite dynamics. SAO Special Report, 353.
|Giacaglia, G.E.O. (1976). A note on Hansen’s coe–cients in satellite theory. Celest. Mech., 14, 515.
|Gooding, R.H. (1971). A recurrence relation for inclination functions. Celest. Mech., 4, 91.
|Klioner, S. (1992). Some typical algorithms of the perturbation theory within Mathematica and their
analysis. In Proc. 25th Symp. on Celest. Mech., NAO, Tokyo, p. 172.
|Laskar, J. (1985). Accurate methods in general planetary theory. Astron. and Astroph. 144, 133.
|Laskar, J. (1990). D. Benest and C. Froeschle, (eds), Systemes de variables et elements. Les Methodes
Modernes de la Mecanique Celeste (Goutelas 89).
|Wolfram, S. (1991). Mathematica: a system for doing mathematics by computer. California, Redbook
City: Addison-Wesley, 2nd edn.
Originally received 30 May 1997
Accepted 12 September 1997
